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Investigation is made of asymptotic approximations to the solutions of 
a class of nonlinear differential equations of astrophysics, occurring in the study 
of polytropic gas spheres. The general form is that of Emden’s equation of 
index n. Approximations are developed by means of the generalized multiple 
scales technique, for which the scale functions are necessarily nonlinear. The 
solutions are shown to yield the correct initial and final asymptotic behavior 
and exact solutions in some special cases. More general equations with variable 
coefficients are also considered, representing changes in the polytropic gas law 
as a function of the radius. 
1. INTRODUCTION 
In this paper we will study a particular class of nonlinear nonautonomous 
differential equations which occur in astrophysics. This was studied by 
Emden [I] and others in their researches on polytropic gas spheres. The 
equation itself is known by different names, for example, Lane-Emden [7j 
equation, Emden [16] or the Emden-Fowler [6] equation. Here it will be 
referred to as the Emden equation, as it seems to be most widely known 
under this name. We will develop a new analytical approximation for the 
general Emden equation of the nth degree. This will be done using the 
asymptotic technique of multiple scales. This consists in converting the 
given ordinary differential equation into an ordered set of partial differential 
equations. These are solved approximately, requiring that their solutions 
coincide with the solutions of the original equations, after a prescribed change 
of variables. 
The governing equation, in the form studied, is a generalization of the 
Thomas-Fermi equation of atomic physics. In this paper, the author’s 
earlier work on the Thomas-Fermi problem is extended to the general 
Emden equation of index n. Approximate general solutions are obtained by 
the method of generalized multiple scales as developed in [l&l 51. 
The physical origin of the problem will now be discussed briefly. The 
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researches of Lord Kelvin [2] on convective equilibrium led to subsequent 
studies in this field by Lane, Emden and others. Lane [3] was interested in the 
density and the temperature in the solar atmosphere, considered as a con- 
figuration under its own gravitation. Ritter [4] independently conducted 
investigations into the nature of the equilibrium of stellar configurations. 
Emden [l] systematized earlier work and added a number of important 
contributions to the theory. He considered the thermal behavior of a spherical 
cloud of gas acting under the mutual attraction of its molecules and subject 
to the classical laws of thermodynamics. Fowler [5] presented a much more 
rigorous mathematical treatment of the theory and obtained the asymptotic 
behavior of the solutions. 
We will now consider the development of the physical model. A brief 
derivation of the equation can be made as follows: Let p be the pressure at a 
point at a distance r from the center of a spherical cloud of gas. If M(r) is the 
mass of the sphere of radius r, p the gravitational potential andg the accelera- 
tion due to gravity, we have: 
It is assumed that: 
(i) dp = - gp dr = p drp; 
(ii) V2v = vrr + (2/r) (p7 = - 4mGp; 
(iii) p = kpv-polytropic law; 
where: p is the density of the gas, k and y are empirical constants. 
If it is further assumed that v = 0, when p = 0, i.e., at the surface of the 
sphere, we can show that, 
P = v”, (l.lb) 
and further that: 
V29, = - a2qY, (14 
where m and a are constants. After suitable normalizing we obtain: 
d2y -@+qg+y-0. 
The change of variables y = u/x transforms (1.3) into: 
uv + Xl-nun = 0. (1.4) 
In this paper we shall study the more general equation: 
11” + “VW = 0, 
in which u and n can take different numerical values. 
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2. A LOOK AT PREVIOUS RESULTS 
Lane was among the earliest in contributing to the theory of polytropic gas 
spheres. He made a theoretical determination of the temperature and density 
of the sun. Ritter then made contributions of fundamental importance. His 
investigations included, for instance, the stability of configuration in the 
adiabatic pulsation of a gas sphere. Ritter also proved that the period of 
oscillation of a gas sphere is inversely proportional to the square root of its 
mean density and was the first one to establish explicitly the fundamental 
differential Eq. (1.4). Emden’s work, which followed, contains a wealth of 
material including a number of original contributions. More recently, Fowler 
has obtained a number of important results. He has, for example, rigorously 
proved many theorems on the asymptotic behavior of the solutions. 
We can now proceed to examine the governing equations and the nature 
of the solutions. A number of special cases can be isolated. In the equation, 
y”++yt+Y”=O (1.3) 
the boundary conditions which are of particular interest are: y(O) = 1, 
y’(0) = 0. The equation is best studied in the form (1.4). It can be solved 
exactly when n = 0, 1 or 5. The first two cases are quite simple and yield u as 
x3/6 + Ax + B and exp( f ix) when n = 0 and n = 1, respectively. For the 
case n = 5, only a particular solution, involving an arbitrary constant, can be 
found and it is given by: 
[ 
3a 1 
l/2 
n = 5: U(X) = x 
(9 + 3a2) (2-l) 
In the general case the solution of (1.3) will have two arbitrary constants: 
one of these is called a “constant of homology.” That is, if y = y(x) is a 
particular solution, then, 
y = -4ay(AX); p= 2 
n--l’ nfl (2.2) 
is also a solution where A is an arbitrary constant [7]. But this is of little help 
in finding the general solution as there is only one arbitrary constant. 
By analytic continuation and Taylor expansion, Airy [ 121 obtained the 
following power series solution for 0 < II < 5, valid near x = 0. 
y(x) = 1 - $ + n $ + (5n - W) $ 
+ (7On - 183n2 + 122n3) & + e-e . 
(2.3) 
. . 
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Fowler’s work brings out the importance of Hardy’s theorem [7] in the 
study of the differential equations. 
Any rational function, H(x, y, y’), is ultimately monotonic along a solution 
y(x) of an algebraic differential equation of the form 
f(X, y, y’) = 1 Ax”y”y’P = 0. 
He discusses the asymptotic properties of the solutions of Emden’s and more 
general equations. Bellman [6] has presented a unified account of Fowler’s 
results in his book. The asymptotic behavior of the solutions of (1.5) are 
discussed for different values of the parameters n and 0. 
3. DEVELOPMENT OF THE APPROXIMATION 
3.1. Preliminary Remarks 
We will now develop an analytical approximation for the solution of the 
general Eq. (1.5). I n order to do this we shall invoke the method of generalized 
multiple scales, as developed by the author [lO-151. Briefly, the multiple 
scales method [8-lo], involves an extension of the independent variable (and 
the dependent variable also, if necessary) into a space of higher dimension. 
This calls for the introduction of new independent variables which depend 
on the original variable. As a result of this process, the ordinary differential 
equations are converted into a set of partial differential equations. These are 
solved approximately, requiring that the solutions coincide with the solutions 
of the ordinary differential equation along certain lines in the extended space. 
These are referred to as “trajectories” and specializing the extended functions 
along these lines is termed “restriction.” The method in its early form [8, 91 
employed linear scales, i.e., the new scales were linear functions of the original 
independent variable. For the class of problems considered here, the choice 
of linear scales is inadequate and the more general concept of nonlinear 
scales [lo, 1 l] is necessary. Further, the scales, in general, are not restricted 
to be real. A pictorial representation of the extended function and its restric- 
tion is given in Figure 1 for a particular case. 
3.2. Derivation 
Consider the equation 
u”+Axw=o (3.2.1) 
where (T and n are parameters and A = f 1. In order to employ the multiple 
scales technique it is useful to parameterize (3.2.1) into the following form: 
un + t&w = 0 (3.2.2) 
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FIG. 1. Solution surface in extended space. 
where 0 < E Q 1. This can usually be performed by a suitable change of 
variables as follows: 
when (T f - 2, the relation, 
(3.2.3) 
transforms (3.2.1) into the form (3.2.2). However, when CI = - 2, trans- 
formation of the independent variable does not introduce the parameter E. 
Then the transformation of the dependent variable 
u = $*), (3.2.4) 
will result in an equation of the form (3.2.2). We will now make an extension 
of the domain of the variables as follows: 
t=>h,d; (4 
To = t, 71 = d(t); (b) (3.2.5) 
u(t) * f-q% ,9>; (4 1 
where k(t) is a “scale” function to be determined and the “trajectories” are 
given by (3.2.513). 
32 FIAMNATH 
The extended equations are now written, on equating powers of E, as: 
(3.2.7) 
(3.2.8) 
Integrating (3.2.6) we have: 
c(To , 5) = &I) To + &I). (3.2.9) 
When A and B are pure constants and 7. = t, (3.2.9) corresponds to a straight 
perturbation solution of (3.2.2). In the present case, however, we wish to 
improve upon direct perturbation theory by determining the T1 dependence 
of A(Tl) and B(Tl). Notice that ATo and B are linearly independent with 
respect to To . Hence, we endeavor to obtain an improved perturbation solu- 
tion by separately substituting ATo and 23 for ti(To, T1) in (3.2.7). Now sub- 
stituting U = B(Tl) in (3.27), we have: 
R dB_ /\ uBn 
1 (jTl - - To * 
Separating the variables: 
g (TV) = - y (To) = .f = 1. (3.2.10) 
The left side is a function of 7i only and the right side depends on To only. 
Each can, therefore, be equated to a constant s which can be set equal to 
unity without loss of generality. We integrate the two resulting equations as 
follows: 
Firstly: 
dB dT -= 1 Bn 
Integrating: 
B'-n=bo+(l -,l)T1 (3.2.11) 
where b, is an arbitrary constant. 
If b, > 0, we write the solution in the form (3.2.11). If b, < 0, let b, = - b,’ 
where b,’ 3 0. 
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Then: 
Thus, 
Bl-n = - b,’ + (1 - ?z)T1 
= (- 1) [b,’ - (1 - n) TJ. 
B(T,) = (- 1+ [b,’ - (1 - n) &. (3.2.12) 
When n takes on values such that l/( 1 - n) is not an integer, then B(T,) will 
be complex. Since we are looking for real solutions we will choose either 
(3.2.11) or (3.2.12) such that the solutions are real. The solutions of (3.2.10) 
are given by: 
1 
B(q) = [b, & (1 - n) TJ i--n ; (3.2.13) 
k, = - 
hTf+2) 
(u + 1) (IJ + 2) - Qo + &; (3.2.14) 
where 
nf 1, of-l,-2 (3.2.15) 
and b, , b, , b, , are arbitrary constants. We now restrict the extended func- 
tion (3.2.11) along the trajectories (3.2.5). One solution can thus be written as: 
1 
ii(To , T1) = ii(‘) 
&I( 1 - n) to+* 
t 
o.n(c 4 = po - (u + 1) (a + 2) - qTi (3.2.16) 
under the conditions (3.2.15). In order to obtain the other solution, we 
substitute 
+o , 71) = ACT,) To 
in (3.2.7). As before we can separate the variables and write: 
Integrating, as before: 
-+I) = [a, + (1 - n) Tl]+ (3.2.18) 
and 
k(T,) = - 
p+n+l) 
(u + n + ;) (a + n + 2) - 2 + a2 ’ 
where: 
4Q9/351-3 
nf 1, o+n+--l,-2 
(3.2.17) 
(3.2.19) 
(3.2.20) 
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mdao,a,,a,, are arbitrary constants. Upon restricting the extended solution 
along the prescribed trajectories, the second solution can be written, under 
conditions (3.2.10), as: 
1 
J+o 9 71) = zi;,;<t, c) = t E a, - 
&(l - 72) t(o+n+l’ al l-n 
t (u + n + 1) (u + 71+ 2) - t 1 * 
(3.2.21) 
Therefore, the approximate general solution of (3.2.2) to first order is 
given by: 
22 (t’ E) = syt c) + P(t; 6). 0.n Y 01n I op 9 
i.e., 
1 
d(1 - n) t(o+n+r) 
+ t ko - (u + n + 1) (u + 11 + 2) 
=1 
I-n 
-- , t I 
where: 
nf 1, uf - 1, - 2; (0 + 4 + - 1, - 2, 
and b, , b, , a, , a, are arbitrary constants. 
(3.2.22) 
(3.2.23) 
The solution (3.2.22) can now be transformed back to the x domain using 
(3.2.3). The arbitrary constants are now considered to include the parameter E. 
On simplifying, it is observed that the parameter c disappears from the 
expression. The approximate analytical solution of (3.2.1) is given by, 
(3.2.24) 
1 
A(1 - ~)x(o+n+l) 
+X[qJ+n+I)(o+n+2) “,’ 1 
l--n 
-- 
subject to the conditions (3.2.23). 
3.3. Some Particular Cases 
This section contains a discussion of the solutions for choices of a and n 
which were not considered in the earlier analysis. 
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The cases excluded from our solution (3.2.24) are: 
(i) 71 = 1, 
(ii) a=-1, 
(iii) u = - 2, 
(iv) a+#=-1, 
(v) u + n = - 2. 
(3.3.1) 
Further, the case (vi) when u = 1 - n is of special interest. 
The multiple scales theory enables the determination of solutions for these 
cases also. These can be studied one by one. 
(i) n = 1. 
From (3.2.10), on integration: 
and 
is given by (3.2.14). 
Thus: 
Bh) = C exp(d 
k7.1 = km 
&=Cexp - 
( 
~t’u+Z’ 
(u + 1) (u + 2) - & ) * 
(3.3.2) 
(3.3.3) 
However, one must note that when n = 1, (3.2.1) is linear and must be 
studied accordingly. The exact solutions of (3.2.1) can then be expressed in 
terms of Bessel functions of fractional order or Airy functions. For this case, 
proper scale functions can still be chosen to describe the correct asymptotic 
behavior of the solutions; this has been done by the author [lo]. Also in the 
standard formulation of the Emden equation, (I = 1 - n, therefore the value 
n = 1 leads to a linear equation with constant coefficients, which can be 
solved exactly. For the present discussion we shall consider nonlinear equa- 
tions and therefore regard n # 1. 
(ii) u=- 1 andnfl. 
The “clock” is obtained from (3.2.10) as: 
kt: = k$ = - (AT,, In r0 + bran + b,,). 
The solution is given by: 
I-,,,(t; l ) = [b, - ~(1 - n) (At In t + blt)]& 
1 
(3.3.4) 
(3.3.5) 
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(iii) a=-2,nfl. 
The “clock” is now found from (3.2.10) to be: 
R(l) = rZf$ n = h In me + br7e + b, . 0.n (3.3.6) 
The solution is given by: 
1 
&Jt) = [b, - ~(1 - n) (A In t + 6,t)j lln + t [a, + + t(+l) - -$] lPn. 
(3.3.7) 
(iv) a+n=- 1. 
On integrating (3.2.17) the clock is obtained as: 
k(‘) = - X ln 7 o*n 0 - 3 + Q 2’ (3.3.8) 
TO 
The solution is given by: 
u‘ 
EX(1 - n) t(o+2) 
CA) = PO - (u + 1) (u + 2) 
-&~]~+f[~o-~(lnf++)]~. 
(v) u + 12 = - 2. 
Again from (3.2.17) we obtain: 
(3.3.9) 
k(2) = h ln 70 5 
0.n To + a2 , 
TO 
(3.3.10) 
and the solution is: 
1 
z&&) = [b. - (u T(i), ") 2) @f2) - 6,t 
I 
l-la 
(3.3.11) 
1 
+ [a0 - ~(1 - n) (* - +-)]l-’ . 
(4 u=l-n. 
This case is of special interest since this is the form of the original Emden 
equation. Therefore, for this case, it seems worthwhile to write the solution 
explicitly. Excluding the cases (i) through (v) of (3.3.1); our solution (3.2.24) 
reduces to: 
1 
ii&n.n(x) = [b" - (;y)g-;) - 61% 1 
i=G 
(3.3.12) 
1 
+ x [ao - xc1 ; n, x2 - - “,’ I’-“. 
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Using the relation y = U/X we can write the approximation: 
yl-n,n(X) = [ao - 3 - Au ; 4 x2,k 
(3.3.13) 
1 
+ $ [b - b,.r: - (2 "'t,," $ x3-q 
CiT 
, 
subject to the conditions (3.2.23). 
LEMMA [7]. Solutions of the Emden equation which are finite at the origin 
necessarily have dy/dx = 0 at x = 0. These are termed E solutions by Chandra- 
sekhar [7]. We see that the Jirst part qf (3.3.13) corresponds to an E-solution. 
4. ANALYSIS OF THE APPROXIMATION 
4.1. Preliminary Remarks 
In this section we shall be mainly concerned with the approxima- 
tions (3.2.24), (3.3.12) and (3.3.13). With reference to (1.4) it is useful to 
consider the approximation for different values of n and u. These are repre- 
sented as lines in the n, (T plane shown in Fig. 2. In this figure the different 
FIG. 2. Solution boundaries for Emden equation: U” + tOu” = 0. 
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regions are separated and the solutions can be classified according to the 
particular region depicting the values of n and o. With this in mind we see 
that the conditions under which the solution (3.2.24) was derived exclude the 
lines 1 through 6 in Fig. 2. That is, the approximation (3.2.24) is valid for all 
values of n and u except on the lines 1 through 6. The line u + n = 1 cor- 
responds to the original form of the Lane-Emden-Fowler equation and is 
represented by the line 7 in Fig. 2. On this line the approximation (3.3.12) 
holds except at the intersections of line 7 with the lines 1 through 6. Chandra- 
sekhar [7] remarks that for n < 1, greater formal difficulties are met than for 
1~ > 1. However, we see from Fig. 1 that the region of validity of our approx- 
imation includes both the cases IZ > 1 and n < 1. 
4.2. Asymptotic Properties 
In this section we proceed to study our approximation in various limiting 
cases. First, we will briefly consider the asymptotic behavior of the solutions 
for small values of the independent variable. For this we will use the form 
(1.3) and compare the known asymptotic behavior of y with that of u in (1.4) 
as given by our approximation, after the suitable transformation. Then we 
will consider the asymptotic limit for large values of the independent variable. 
For this the equation will be studied in the general canonical form (1 S). For 
various conditions on (J and tt the asymptotic behavior for x -+ 00 will be 
derived and compared with known results. Specifically, Fowler’s theorems 
on the asymptotic nature of the solutions [6] will be invoked and the correct 
asymptotic description of our approximation will be demonstrated. 
Case I. Expansion for small X. 
We can now proceed to obtain the asymptotic properties of the solutions 
for different values of n and 0. An expansion of the solution (3.3.13) can be 
made as follows. In the expression (3.3.13) the conditionsj(0) = I lead to the 
choice a, = 1, a, = 0. Also then the first term on the right side of (3.3.13) 
is considered, giving: 
1 
jqx) = [l - h(1 6- n, X2] 
i=;; 
. (4.2.1) 
For X = 1 and tt # 1, (4.2.1) leads to the following expansion as x -+ 0: 
k 1o.j n(l + 2n) (2 + 3n) $3 _ 
(4.2.2) 
9.9! 
We notice that the first two terms exactly correspond to the power series 
(2.3) obtained by Airy. The third term is slightly in error. Higher order terms 
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contain precise powers of the independent variable X, but the coefficients do 
not match exactly. 
Case 2. Expansion for large X. 
For this case it is convenient to use the general canonical form (3.2.24). 
The various cases having different conditions on the choice of u and n will be 
studied, (Appendix). Our approximation (3.2.24) is written as the sum of two 
independent solutions fig; and u”A:h as given below: 
(4.2.3) 
1 
“,’ 1 l-n -- . (4.2.4) 
Since lie) and G@) are the two linearly independent solutions (to the leading 
order) of the given equation, the asymptotic behavior of the solutions is 
extracted from these two functions separately. The different conditions are 
categorized as shown below. The behaviors are obtained by making a proper 
expansion of the functions G(l) and z’?*). 
(1) o+n+ 1 <o: 
(i) If u + 2 > 0, then 
p y (1 -4 
(u+l)(u+2) 
$3; (4.2.5) 
(ii) 
u-(2) -v Cl + c*x + (u + n ;‘;;%‘:, n + 2l [1 + oU)l; (4.2.6) 
(iii) u + 2 < 0 
(4.2.7) 
The results (4.2.5), (4.2.6) and (4.2.7) are obtained by an expansion of the 
(l/( 1 - n)) power and correspond to Theorem 1 in Appendix. 
(2) u+2<0<u+n+ 1: 
(i) u + 2 < 0 leads to S(l) as given by (4.2.7); 
(ii) u + n + 1 > 0 leads to: 
,-(a - 
,(S) 
(0 + n + 1) (u + n + 2) * 
(4.2.8) 
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(3) a+2<0, a+n+ I =o: 
(9 ii(l) is as given by (4.2.7); 
(ii) 
i.e. 
$2’ - CoX + ,,E), 
zi(2) - I;; + cl;:n I n I + ao, 
l?ZpO. 
(4) a=-22: 
From (3.3.7) taking b, = 0, 
,-a, - (In ,)(i%. 
(5) u + 2 > 0: 
From (4.2.3) 
(4.2.9) 
(4.2.10) 
$1’ Iv ,,(f3. (4.2.11) 
(6) u + n + 1 < 0: 
6) is2) - cx; (4.2.12) 
(ii) 21(l) is given by (4.2.7). 
Thus we see that the results numbered (1) through (6) correspond to the 
asymptotic theorems of Fowler (Appendix). - - 
4.3. Examples 
We will now consider some examples illustrating the usefulness of 
theory of approximation. At first, cases in which our theory recovers 
exact solutions are given. 
(i) n=O: 
From (4.2.3) 
our 
the 
$1) = b, - b,x - 
h&7+2) 
(u + 1) (0 + 2); 
(4.3.1) 
(4.3.2) 
Since a, , a, , b, , b, , are arbitrary constants, the exact general solution of the 
equation has been obtained, as can be verified readily. 
(ii) II = 1: 
In this case the problem reduces to a linear equation. This has been dis- 
cussed in Section (3.3). The result (3.3.3) describes the solution for small 
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values of X. The asymptotic behavior of the solution for any u (f 0) for large 
values of .v can be obtained by determining new clock functions after suitably 
reordering the equation. 
(iii) We will now consider the equation: 
y” + *y/ + (y2 - cy = 0, (4.3.3) 
which is known as the “White-dwarf” equation. Chandrasekhar [7] discusses 
it in his study of the gravitational potentials of the degenerate stars. The 
boundary conditions that are of interest, are: 
Y(O) = 1; y’(0) = 0. (4.3.4) 
On using the transformation y = u/x the canonical form of the equation 
becomes: 
un + x ($ - c)3;2 = 0. (4.3.5) 
For the case c = 0, the equation reduces to: 
24” +$ = 0. (4.3.6) 
This is now in standard form. However, in this case n = 3 and 
u = 1 - n = - 2. The two independent approximations are obtained after 
substituting for n and u. Choosing the “clock” integration constants to be 
zero the two approximations are written as: 
i,(x) = (b, + 2 In ~)-l@, (4.3.7) 
C*(X) = x (ao + Lc-‘:‘. (4.3.8) 
Using the relation j: = G/WY, we can write: 
a4 = 
I 
X(b, + 2 In x)lj2 ’ 
jqx) = - 
1 
( 
x2 l/2 * 
a, + _ 3 1 
(4.3.9) 
(4.3.10) 
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In order to satisfy the boundary conditions (4.3.4), & is rejected. a, is 
chosen to be 1 and the approximation, 
9(x) = , 
1 
(1 + q)1’2 
satisfies the initial conditions (4.3.4). 
For small x the following expansion can be written: 
J(x) -qy 
x2 XQ 
1 - a + 2-4 - .‘. . 
(4.3.11) 
Chandrasekhar [7] obtains a series expansion valid near x = 0, which can 
be written as follows when c = 0. 
Y(X) q+ 
x2 x4 
1 -6+40-“‘. 
This agrees with the Airy expansion for IZ = 3 (see (2.3)). We thus see that 
our approximation exhibits the correct initial asymptotic behavior. The 
asymptotic behavior for large x has been discussed in Section (4.2). 
(iv) x%4” + u5 = 0. 
In this case u = - 4 and n = 5. As discussed in Section 2, one particular 
solution is found to be: 
( 
3a 
1 
112 
u1=x 3a8 +x2 ’ (4.3.14) 
where a is an arbitrary constant. We shall examine the asymptotic behavior 
of the solution for small and large values of x and compare it with the results 
obtained from our approximation. For small values of x the solution has the 
expansion: 
u, - a-l12 
( 
x3 xs 
Xl 
x - - + 
6as zi2 - *-* ’ 1 
(4.3.15) 
For large x, however, the expansion has the form: 
u1 E?I+ (3a)1/2 (1 - y . f + $t . $ _ . ..) . (4.3.16) 
Since u = 1 - n = - 4 we study the approximation in the form (3.3.12) 
after choosing the “clock” constants a, and b, to be zero. Thus the approxi- 
mate solutions are given by: 
J?;*,(x) = (b, + 8 x-8)-l’* (4.3.17) 
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and 
ril!*,(x) = x(ao + Q x2)-l’*. (4.3. IX) 
For small x, I(l) and rif2) have the following asymptotic expansions: 
I’yx) - x I (f+)‘/” (xl/2 - g b$/2 + *-), (4.3.19) 
fqx) qy (a,)-‘/4 (* - g + $33 - .-.) . (4.3.20) 
0 a02 
For large x the asymptotic forms of 1(r) and zic2) are: 
(4.3.21) 
(4.3.22) 
Since a, , b, and a are arbitrary constants, by choosing a, = a2 it is seen that 
(4.3.20) describes the proper initial asymptotic behavior (4.3.15) correct to 
two terms. Choice of b, = 3~-~ in (4.3.22) shows the correct asymptotic 
behavior with a slight difference in the constant in the second term. In either 
case the way in which the arbitrary constant enters into the solution is properly 
described by our approximation by modifying the correction terms in the 
asymptotic expansion. 
(v) 11” = 6242: (4.3.23) 
The solution of this equation can be reduced to a quadrature of the form x.4 -j- s(C, ~us)l,2 = t+ Cl . (4.3.24) 
Explicit solution can be obtained in terms of elliptic functions. However, an 
approximate solution can be obtained by means of our theory, after para- 
meterizing (4.3.23) and substituting h = - 6, 0 = 0 and n = 2 in the 
general solution (3.2.24). 
5. MORE GENERAL EQUATIONS 
So far we have considered the Eq. (1.5) occurring in astrophysics, known 
as the Lane-Emden or the Emden-Fowler equation, etc. The development 
of the approximation (3.2.24) indicates no special difficulty in considering 
more general equations. Consider, for example, the equation, 
U” + w(x) ZP = 0. (5.1.1) 
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The space-dependent coefficient W(X) is completely general. The equation is 
parameterized using a suitable transformation which depends on the nature 
of W(X) and (5.1.1) is brought into a form with the small parameter appearing 
in front of the coefficient. The development of the approximation is parallel 
to the case we have already studied. By using the asymptotic technique of 
multiple scales, the following result is obtained. 
1 
I(X; E) = [b,, ‘f c( I - n) (b,s - j-j- w(x) dx dx)] 1-n 
(5.1.2) 
+ x [a0 T E (+ + ; j xnflcu(x) dx - 1 x”w(x) dx)] ““. 
This result is valid for small E and in any case for E < 1. The range of x to 
which this corresponds can be determined by studying the nature of w(x). 
It can be noted that the general expression (51.2) and more specifically 
(3.2.24) recovers the approximation for the Thomas-Fermi model in atomic 
physics, which is a particular case of the general Emden equation [ 141. 
It is seen that an equation of the type (5.1.1) arises in astrophysical studies 
when the empirical constant m in (1.1 b) varies as a function of radial position 
p. The relation (1.3) governs the density distribution in any region where 
(1.1 b) is a pure constant implies that the relation of the kind (1.1 b) is valid for 
the entire mass. Equilibrium relations of this kind are known as complete 
polytropes [7]. Then nz is chosen to be equal to the central density pc . 
However, when m is a function of the radius, we obtain an equation: 
y” + ;yt + ql(x) yn = 0. (5.1.3) 
As before, putting y = u/x, we obtain the equation, 
d + xl-%oo(x) lP = 0 (5.1.4) 
which is of the form (5.1.1). In this case, the solution (5.1.2) describes the 
changes due to a variable m(x) and includes an approximation to the one- 
parameter family of curves suggested by Chandrasekhar. 
Similarly, even more general equations such as, 
U” + w(x) U?i = 0 (5.1.5) 
can be studied using our technique. Approximations to the solutions can be 
obtained by a proper choice of scale functions. 
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6. CONCLUDING REMARKS 
We have seen that the general Emden equation can be studied using our 
technique of generalized multiple scales. The extension of the independent 
variable into a space of higher dimension and the consequent conversion of the 
ordinary differential equations into a system of partial differential equations, 
though at first seems to make the solution more inaccessible, is, in fact, very 
useful. By a judicious choice of scale functions, asymptotic approximations 
can be obtained for a wide class of problems. The scale functions necessarily 
ha\-e to be nonlinear. Physically the technique is tantamount to employing a 
number of independent observers who perform readings on appropriate scales. 
Each observer perceives a different aspect of the phenomenon. A composite 
picture is formed by combining the different individual impressions. 
At present we have only considered first order theory. Higher order appros- 
imations can be developed as follows. LL7e have two degrees of freedom: 
(i) an expansion of the dependent variable; 
(ii) employing more than two (in fact n) independent scales. 
Either of these or a combination of the two yields an infinite number of 
choices. These can be utilized to obtain a more accurate representation. 
The approximation is shown to lead to exact solutions in some particular 
cases. The approximation already developed by the author [14] for the 
Thomas-Fermi equation can be shown to be a particular case of the present 
general solution. Further this solution is independent of whether the index n 
is greater or less than 1. Notwithstanding the greater formal difficulties for 
IZ < I, our approximation, in a single expression, represents the solution for 
both n < 1 and n > 1 and excludes IE = 1. The latter case leads to a dif- 
ferent approximation. 
The correct asymptotic behavior of our solution is demonstrated for various 
cases, both for small and large values of the independent variable. Further- 
more, enough arbitrary constants are generated in our theory so that theJ 
can be chosen to fit the given boundary conditions. 
APPENDIX: THEOREMS ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS [5,6] 
The positive proper solutions of 
possess asymptotic properties given below, as t + ‘CC. 
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1. Ifa+n+l<O 
(i) u N 
[ 
(u + 2) (u + 11 + 1) 
(n - I)2 1 A ,(S) , 
or 
or 
2. Ifo+2<0<u+n+l 
I.4 -a + (u +“;;;F+ 2) P + 4)1- 
3. Ifu+2<0=u+n+l, 
4. If 4 = - 2, 
1 
u-In . 
( ) 
n-l 
n-l 
5. If u + 2 > 0, 
6. The proper solutions of 
u* + tw = 0 
possess one of the following asymptotic forms: 
6) u - c7 - (u +c;;;+ 2) P + @)I; 
(ii) u - I$. 
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